A study of the ship capsize phenomenon due to parametric resonance is conducted aiming to identify the occurence of a critical condition leading to capsize by considering an analytical solution of an equivalent linearised equation describing the problem in conjunction with results of numerical simulation of the non-linear equation. The main objective of this paper is to formulate the problem in a way that enables an analytical solution to be derived and facilitates an investigation towards identifying the occurence of the critical condition leading to capsize through comparative studies between the analytical solution and the results of numerical simulation.
Introduction
If a ship is running through in astern seas, she will experience periodic variations in her transverse stability, which will affect the roll behaviour of the vessel. The wave-induced stability changes and the resulting parametrically-induced roll motion play an important role in affecting extreme motions and capsizing. In studying large amplitude of rolling motion of ships in astern seas, the wave-induced instability, damping coefficient, natural rolling period and encounter period of ship in waves are pointed out as items relating to capsizing, deriving from the results of experimental analysis".
In this respect, it is of particular interest to attempt to develop an analytical approach to relate these items to a critical condition leading to capsize in astern seas corresponding to the Weather Criterion IMO A. 5626) which addresses the beam sea condition. The main problems in following such an approach are considered to be the non-linearity and the time-dependent variation of righting arm curves. Significant variations are caused by the change in the immersed geometry as the ship is overtaken by successive longitudinal waves. In general, for waves with length nearly equal to the ship length, the righting arm curves increase if a wave trough is near amidships and decrease when a crest is near amidships2),3). In this situation, the ship motion can be described by coupled roll, pitch and heave, and hence the righting arm curves should include the effects relevant to these motions 7)8)9). In this situation, the equation of rolling motion can be described in a non-linear form that includes timedependent terms in a way that is possible to obtain a numerical solution of it from a step-by-step approximation method but it is difficult to obtain an analytical solution leading to a deeper understanding in the study of capsizing.
The main objective of this paper is to obtain such an analytical solution from an equivalent linearised equation of motion and to investigate the occurence of the critical condition leading to capsize by considering the analytical solution in conjunction with the results of numerical simulation of the non-linear equation. The equivalent linearisation is a method which is generally suitable for describing a dynamic system in which large deviations from linear behaviour are not anticipated. A reasonable approximation to the exact behaviour of the real system, therefore, is given by an equivalent linear system having suitably selected coefficients. The principal shortcoming of this method, is that the limits of applicability depend on the degree of approximation which is difficult to estimate.
Finally, a method of judging capsize due to parametric resonance is proposed based on an application of the energy balance method during the critical rolling motion. 
where Ix+.1x are the real and added moments of inertia, respectively, D(0) the damping force, W the ship weight and GZ(q, t)4) the righting arm including the wave-induced, time-dependent variation. Taking into account the equivalent damping coefficient ae, the natural rolling frequency wo, and the metacentric height GM, Eq. ( 1 ) can be rewritten as follows ( 2 ) where ( 3 ) In Eq. ( 2 ) the equivalent linear damping coefficient ae is related to the extinction coefficient ae, natural rolling period To, Bertin coefficient N and the amplitude of rolling angle qo as shown by the following expressions ( 4 ) Next, let us consider the righting arm variation with respect to the relative position of ship in waves GZ(wave) on a longitudinal wave. As indicated earlier, the GZ(wave) increases with the wave trough amidships and decreases with the wave crest amidships in comparison with the righting arm GZ(still) in still water.
For example, Fig. 1 shows the righting arm curves of a 15000 GT container vessel referring to the ship on the wave trough GZ(trough), wave crest GZ(crest) and in still water GZ(still).
When the ship is rolling in severe following seas, the rolling angle becomes significantly large. Therefore, the equivalent metacentric height must be determined on the basis of the righting arm curve considered up to an appropriate angle of inclination as follows : ( 5 ) Fig. 2 shows these equivalent linearised metacentric heights obtained from Eq. ( 5 ) which has been applied to the GZ(still), GZ(trough) and GZ(crest) shown in Fig. 1 , respectively. Since the metacentric heights, as shown in Eq. ( 5) vary with the appropriate angle of inclination, a further consideration is required to specify this angle on the basis of a reasonable method leading to a really equivalent solution. For this problem, an assumption is made here that the variation of metacentric height GM(wave) is sinusoidal, as shown in Fig. 3 , and given by the relation ( 6 ) where ao is the average movement of the center of buoyancy predicted as ( 7 ) ai the amplitude of wave-induced variation in metacentric height given by ( 8 ) k the wave number and Ec the relative position of ship (9) Acdording to the method mentioned in Section 1, an equivalent linearised righting arm GZ(95, t) could be described as (10) yielding Eq. ( 2 ) 
Let us consider next the conditions in which the rolling angle grows up to an unstable region and decays to a stable region. It will be possible for this analysis to describe the rolling angle as follows (20) Here, A(t) and B(t) are functions of time. Therefore, the stable and unstable regions can be specified from the behaviour of A(t) and B(t) . In this method, the equation of motion relates to the equation at the critical condition as follows Although there exist two kinds of frequency components in Eq. (22), namely, coo and 3coo, the main frequency at the parametric resonance is approximately equal to the natural rolling frequency, and the effect of the frequepcy component 3coo to rolling motion will be small enough to neglect. Accordingly, A(t) and B(t) are determined by an approximate analytical solution to satisfy the reduced Eq. (22) , resulting by neglecting the last two terms, thus yielding the following relations The determinant which specifies stable and unstable solutions from Eq. (24) as follows (25) In Eq. (25) , the rolling motion increases significantly if s is positive (s > 0) , decays if s is negative (s <0) and is critical if s is equal to zero (s = 0) . Deriving from the discussion in the foregoing, the condition leading to the capsize of a ship in following seas can be expressed as in an unstable region (26) in a stable region (27) at the critical condition (28) Fig. 5 shows the stable and unstable regions derived from Eqs. (26) , (27) and (28) . Fig. 6 indicates the typical time histories of rolling in the stable and unstable regions and for the critical condition taken at points A, B and C, respectively. In this figure, the circles indicate the solutions obtained from the non-linear Eq. (2) , whilst the solid line represent the solution of the equivalent linearised Eq. (11) . It is shown that both solutions tend to be consistently close at the appropriate angle of inclination of 34 degrees of GZ(still), determined as shown in Fig. 2 Following from the discussion in the previous section, the relationship between the critical rolling OW and the variation of metacentric height GM(t) can be described in a form that includes the effects of average movement of the center of buoyancy ao, the amplitude of waveinduced metacentric height al, Bertin coefficient N, the natural rolling frequency coo and the initial position of the ship relative to wave, E0 at time t =0, which are Fig. 7 shows the relationship between the variation of metacentric height and the critical rolling of constant amplitude cbo in the time domain. In this figure, the roll angle increases to the maximum at GM(1 + ao) which is nearly equal to GM(still ). It then decreases from maximum to the upright condition when the metacentric height GM(t) is smaller than GM(still) and again increases from the upright condition to the maximum on the reverse direction when the metacentric height GM( t) is bigger than GM(still ). The above process is necessary in order to keep a constant amplitude during the critical rolling.
In this case, the waveinduced variation in metacentric height controls the rolling angle in a way that it does not develop further at the critical condition. Therefore, the wave-induced metacentric height variation acts as an external wave force correspondingly similar to that of the beam sea condition, as
On the basis of the above consideration, it will be possible to make use of the energy balance method. In this method, the area under GZ(still) up to the vanish- ing angle Or must be larger than the area up to the critical rolling angle 00, as shown in Fig. 8 . Furthermore, for judging ship capsize in following seas, the condition which derives from the same concept as that in beam sea condition may in this case be expressed as 
Experiment Verification of Roll Motion Occurence in
Critical, Stable and Unstable regions Free running model experiments were carried out in the towing tank of Osaka University aiming to identify the occurence of critical, stable and unstable rolling motion for a 15000 GT container carrier as shown in Fig. 9 . Regular waves of wave to ship length ratio AIL =1 .2 and wave height to length ratio 1-0=1/25 for unstable motion and MA =1/30 for critical and stable motion as shown in Fig. 10 were used for the model experiments. It has to be noted that in such an experiment, it is not easy to keep the model running at the straight course without steering. Therefore, the examples shown in Fig. 11 represent a few cases when the model was running in direction which could be in approximately described as following seas condition.
The first case shows pitching, rolling and yawing angles measured by the optical Gyro during the critical rolling motion, whilst the second and third indicate the same motions during the stable and unstable rolling motion, respectively.
These three cases represent results obtained from experiments in the same regular waves but in different wave heights. Fig. 12 shows the time history of a free rolling angle when the model is at no forward speed in a still water .
From this record, it is possible to obtain the natural rolling period To and Bertin coefficient N as To=5 sec. and N10=0.012, N20=0.0082 respectively.
Finally, Fig. 13 shows the energy balance of critical rolling motion in following sea condition compared with that in beam sea condition obtained from IMO A. 562. The rolling angle for the same waves in following sea condition is larger than that in beam sea condition. This will be an interesting problem to be considered 
